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Topology optimization as an architectural design tool
The facade of the Qatar convention center
Collaboration between
architect (Arata
Isozaki) and engineer
(Mutsuro Sasaki).
Topology generated
using ESO.
Actual structure built
with tubes!
DTU Mechanical Engineering, Technical University of Denmark
Applications in Architecture/Design
Optimization serves as inspiration for conceptual design
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Topology optimization as an architectural design tool
Recent examples
Project UNIKABETON (2010):
DTU Mechanical Engineering, Technical University of Denmark
Applications in Architecture/Design
Stromberg et al. (2011):
176 L.L. Stromberg et al.
stress trajectories for the cantilever beam problem consid-
ered (see Fig. 12a). One set of lines represent compression
lines while the other set represents tension lines. The trajec-
tories are acting as streamlines such that the lateral wind
force ‘‘enters’’ the continuum at a certain location along
the height and flows through the trajectories to the foun-
dation (this is due to the non-shear condition along these
lines). Since the principal stress trajectories represent the
natural flow of forces in the structure, they offer an ana-
lytical method to identify the optimal layout of structural
material in a high-rise. The optimality comes from the idea
of understanding how the forces are ‘‘moving’’ through the
structure to the foundation and embrace this flow with the
structural members.
The principal stress trajectories in Fig. 12a show the fol-
lowing important characteristics in relation to the behavior
of high-rise buildings:
• the tension and compression lines meet at a 45◦ angle at
the centerline-----in beam theory there is a state of pure
shear stress at the centerline.
• the stresses at the beam edges are vertical because the
problem is purely axial. It can be noted how the lines
become very dense toward the edges, emphasizing how
in a high rise the most efficient way to carry the over-
turing moment is to put material as far away as possible
from the neutral axis.
• the trajectories tend to be more vertical toward the
base of the cantilever and closer to 45◦ bracing toward
the top. This is caused by the fact that at the top
there is mainly shear-type loading while the bottom
of the cantilever is controlled by the overturning
moment.
The principal stress analysis conducted in two dimen-
sions can be extended to three dimensions assuming a
cantilever beam with the cross section of a hollow tube (see
Fig. 12b). In this case, when the wind is blowing orthogo-
nally to one of the tube faces, the side of the tube parallel to
the wind directions are behaving similarly to the two dimen-
sional problem while, in the sides orthogonal to the wind
direction, the stress trajectories are mainly vertical. This
result emphasizes the typical behavior of a tubular high
rise structure which behaves similarly to a simple I-beam
section. The faces of the tube orthogonal to the wind direc-
tion are acting as flanges and mainly carry the overturning
moment, while the faces of the tube along the wind direction
are carrying the shear force.
Fig. 13 Illustration of the
concept of pattern gradation
along the height of a building:
a pattern gradation constraints;
b topology optimization result
with similarities to c John
Hancock Center in Chicago, IL
(taken from en.wikipedia.
org/wiki/John_Hancock_Center)
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Topology optimization as an architectural design tool
Architects are exploring ways of generating new forms.
Advanced technology enables the production of complex structural
forms in concrete.
Architecture often determines the conceptual design, leaving little
room for optimization.
The vision: enhance
architect-engineer collaboration.
The challenges:
Material characteristics of
reinforced concrete: nonlinear,
quasi-brittle in tension, different
physical scales.
Aesthetics 6= Optimization.
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Design of structural concrete
Typical structures consist of ‘B’ and ‘D’ regions:
B-regions: linear strain distribution; internal stress derived from
sectional forces.
D-regions: nonlinear strain distribution.
Leading design approach for
cracked D-regions:
STRUT & TIE MODELING
(Marti 1985, Schlaich et al. 1987)
The forces are transferred via a
truss-like structure consisting of
struts in compression and ties in
tension.
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Strut & tie approach (Schlaich et al. 1987)
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Generating S & T models using topology optimization
(Liang et al. 2000, Bruggi 2009, Moen and Guest 2010, Victoria et al. 2011)
329
EXAMPLE 5
In this example, the corbel and column are considered as a whole
structure that is designed to support a point load of 500 kN, as il-
lustrated in Fig. 12. The column is fixed at both ends. The com-
pressive cylinder strength of concrete fc ¢ = 32 MPa; Young’s
modulus of concrete E = 28567 MPa; Poisson’s ratio n = 0.15; and
the width of the corbel and column b = 300 mm are assumed. This
structure is modeled using 25 mm square four-node plane stress el-
ements. A displacement constraint is imposed on the loaded point
in the vertical direction, and the element removal ratio ERR = 1%
is used in the optimization process.
Figure 13 shows the performance index history of the struc-
ture. The maximum performance index is 1.34, and the corre-
sponding optimal strut-and-tie topology is shown in Fig. 14(c).
It can be observed from Fig. 14 that the applied load is trans-
ferred to the whole range of the structure along the paths of
compressive struts and tensile ties. This example shows that the
column and corbel should be treated as a whole structure in de-
veloping the best strut-and-tie model. The optimal strut-and-tie
model illustrated in Fig. 14(d) is supported by the solution ob-
tained by the load path method.2
DISCUSSIONS
Various examples given herein have shown that optimal strut-
and-tie models in concrete members can be generated by using
the proposed procedure. Although the present model considers
the elastic behavior of cracked structural concrete, it provides a
clear understanding of the nature of the load transfer mechanism
in reinforced concrete members. Moreover, the results obtained
by the present study confirm the findings of other researchers,
and are supported by experimental evidence. It should be noted
that there are no absolute optimal solutions. The objective of
shape finding is principally used as a vehicle to get a better de-
sign in terms of overall structural performance, and to free con-
crete designers from the time-consuming development of truss
models using conventional methods. 
As mentioned previously, the load transfer mechanism in a re-
inforced concrete member depends on its geometry, loading, and
support condition. Without modification, the strut-and-tie mod-
el developed for a specific reinforced concrete member cannot be
Fig. 10—Simply supported beams with various span-depth
Fig. 11—Optimal topologies and truss models showing transition
from deep beams to slender beams: (a) L/D = 2; (b) L/D = 3; (c)
L/D = 4; and (d) L/D = 5.
Fig. 12—Corbel jointed with column.
Fig. 13—Performance index history of corbel.
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Fig. 5  Compare (a) traditional truss model to (b) a minimum compliance truss model for a 
deep beam with a hole 
 
LOOKING AHEAD TO CONTINUUM TOPOLOGY OPTIMIZATION 
 
RECENT WORK 
 
Several researchers are exploring the use of continuum topology optimization as a 
tool for reinforced concrete analysis and design.  Continuum topology optimization is a free-
form design algorithm capable of generating new design ideas, for example, the beam loaded 
with a point load in Fig. 6.  Design variables are steered towards 0-1 (void-solid) 
distributions because the solid phase in the continuum model (ρe =1) indicates either 
localized tension or compression zones, with identification of the respective zone (and 
consequently location of steel) occurring as part of the post-processing. The void phase in the 
continuum model (ρe =0) indicates locations of ‘background’ concrete that is not part of the 
force model.    Liang et al. 19 implemented a heuristic plane stress topology optimization 
approach, commonly referred to as Evolutionary Structural Optimization (ESO), to d rive 
concrete truss model shapes for common cases such as a deep beam and a corbel.  Kwak a  
Noh 20 and Leu et al. 21 employ similar ESO-based algorithms.  Recently a more general 
continuum topology optimization approach was used to guide strut-and-tie design and 
thereby improve solution efficiency and optimality 22.  Bruggi considers 2D and 3D esign 
problems by relying on heuristic sensitivity filtering 23 to overcome well-known numerical 
instabilities of checkerboard patterns and mesh dependency.  Truss topology optimizatio  
will facilitate discovery of new design solutions.  However, to fully realize the free-form 
design potential of topology optimization in reinforced concrete design, we must consi r 
continuum topology optimization representations.   
 
Fig. 6.  Continuum topology optimization of a beam with a point load 
 
 
knowns) and sparse solver (more elements also mean more dis-
placement equations to be solved at each iteration).
As already discussed in the above cited papers, the achieved de-
sign conﬁrms that an investigation that is not only limited to the
corbel but also considers a suitable portion of the adjacent column
may provide a better understanding of the mechanical behavior
and therefore an improved strut-and-tie modeling of the disconti-
nuity region.
Following this idea a variation of the theme is herein proposed
and the double corbel depicted in the right part of Fig. 10 is ana-
lyzed. The mechanical parameters and settings for the optimiza-
tion routine are those implemented in the previous case, while
the adopted mesh is made of about 4000 Quad4 elements. The
example is characterized by two vertical loads that symmetrically
act upon the structure with exactly the same value.
A ﬁrst optimization is performed to address the case in which
both the loads are simultaneously applied upon the specimen.
The result is depicted in Fig. 12 along with the relevant STM. Under
the considered conditions, an axial force is expected to balance the
external loads in the region of ground constraints. The applied ver-
tical forces are in fact conveyed in the shaft of the column by
means of two inclined struts that merge in a unique truss in the
vicinity of the clamped lower area. Additionally, a tensile tie placed
at the top of the specimen ensures equilibrium in both the load
application zones. From a numerical point of view the achieved re-
sult is an optimal one, but it requires of course that external verti-
cal loads are simultaneously applied upon the specimen with the
same value. In case of any loss of symmetry, as reasonably ex-
pected in practical applications, the design is no more efﬁcient
and therefore it can not be considered as a robust solution to the
problem.
To overcome this possible drawback one may resort to topology
optimization techniques for multiple load cases. The minimization
of a weighted sum of the energies computed for loads acting sep-
arately on the structure is a possible way to generate optimal lay-
outs that not only solve each one of the load conditions but also are
very efﬁcient when all the external forces act simultaneously
[39,8]. One may easily implement this procedure exploiting an
appropriate deﬁnition of load cases within the ﬁnite element mod-
eling of the problem. This allows to compute the elastic energy for
each considered condition in order to combine the relevant contri-
butions in a weighted objective function to be minimized, as de-
tailed in Section 3.1.
Fig. 13 presents the result of the application of this technique to
the double corbel problem. Each one of the vertical forces is herein
used to generate an independent load condition that has weight
Fig. 10. Example 3. Single corbel (a) and double corbel (b).
Fig. 11. Example 3.a. Optimal layout for different discretizations (4425 Quad4/17,700 Tri3 elements) and derived strut-and-tie model.
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Fig. 5 Design domain of the deep beam with opening subjected to a
vertical force
It is interesting to note that if the Classic model was
optimizes to the lower volume fraction of 8%, Fig. 7, it pro-
duced nearly the same topology as that of the T&C model
of Fig. 6b). The reason for this was that as the volume
was decreased below 17%, the very thin struts on the lower
Fig. 6 Strut-and-tie models for the deep beam with opening for a
volume fraction f 17%, a Classic model, b T&C model
Table 8 Volume proportions of
steel and concrete for the deep
beam with opening for the
Classic and T&C models
Model Concrete Steel
(%) (%)
Classic 72.59 27.41
T&C 94.12 5.88
left hand corner of the topology were removed, forcing the
topology to modify itself by extending the length of the
tie fork with the consequence of making the left hand strut
vertical, as for the T&C model.
4.2.1 Effect of inverting the applied load
From Table 8 and Fig. 6, it can be seen that the volume of
concrete is substantially more than for the steel and that the
structure is dominated by the compression regions. In order
to see the effect of a structure dominated by tensile regions,
the same example was optimized but with the vertical load
of 3,000 kN applied upwards.
Figure 8 gives the resulting topologies for this strut-and-
tie model for a final volume fraction of 17%. Figure 8a for
the Classic model is exactly the same as for the case when
the load was acting downwards, Fig. 6a, but with the tensile
and compression regions inverted. Figure 8b for the T&C
model has two distinct differences compared with the case
of the load acting downwards, Fig. 6b:
1. The fork region is replaced by a fan region which
makes the tensile members appear to turn not sharply
but gradually almost making a smooth curve.
2. The tie emerging at the fan region touches the open-
ing at the top left corner and therefore is not perfectly
aligned with the left support. This reduces the amount
of tensile material which is more costly, but causes the
formation of a strut between the right and left support.
Fig. 7 Classic model of strut-and-tie model for the deep beam with
opening for a volume fraction of 8%
254 M. Victoria et al.
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Towards optimizing structural concrete
Design is mostly based on linear elastic analysis.
Topology optimization is mainly used for generating S & T models.
The geometry of the concrete domain is considered fixed - S & T only
provides reinforcement layout.
Nonlinear FEA of reinforced concrete has progressed significantly over the
last two decades.
The aim: design structural concrete based on
topology optimization and nonlinear FEA.
Conceptual design phase - enhance collaboration between architects and
engineers.
Optimize the use of concrete - reduce weight -> material consumption
-> CO2 emissions.
Optimize the distribution of steel reinforcement in D-regions of the
structure.
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Embedded formulation
Reinforced concrete is modeled by the embedded formulation:
Concrete is an isotropic continuum; material described by a
gradient enhanced damage model.
Steel reinforcement consists of 1-D bars; linear elastic behavior.
Displacements of both phases are compatible using an embedded
formulation (Phillips and Zienkiewicz 1976; Chang et al. 1987) ; bond-slip
relation can also be considered (Balakrishnan and Murray 1986) .
O Nodol Points 
M 
LB : Free Slip Length 
FIG. 4.—Embedded Representation of a Reinforcement 
a way that its displacements are compatible with those of surrounding 
concrete element [Fig. 4(a)]. In this approach, there is no limitation for 
representing the locations or distributions of the steel reinforcements. 
The contribution of the reinforcements to the element stiffness can be 
evaluated independently for each steel bar. The element stiffness matrix 
can be derived' through the use of the virtual work principle (Appendix 
I) based on the following assumptions: 
1. Reinforcing bar has stiffness contribution only in the longitudinal 
direction. 
2. Reinforcement is straight and it has a constant cross-sectional area. 
The final expression of the element stiffness matrix has the following 
form 
K = Kc + Ks 
in which K, = A £ , BrTrTBdZ 
(20) 
(21) 
and K, Kc, K, = stiffness matrices for overall composite, concrete, and 
reinforcement, respectively; As = cross-sectional area of reinforcement; 
T = [cos2 6 sin2 0 cos 6 sin 0]; dl = line segment along the reinforcement; 
and B = strain-nodal displacement matrix. The intergration in Eq. 21 is 
performed along the reinforcement between two points I and / [Fig. 4(a)], 
Numerical integration such as Gauss quadrature rules can be employed 
if a higher order isoparametric element is involved. When concrete 
cracking takes place, the bond slip effect might be evaluated by the "free 
slip length method' proposed by Bazant, et al. (8). In such a case, the 
free bond length can be adjusted between two points, A and B, at which 
embedded reinforcement crosses the element boundary [Fig. 4(b)], The 
reinforcement stiffness Ks for the slipped portion can be simply evalu-
ated in terms of neighboring nodal points C, D, E, and F (Appendix I). 
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Iter:   1 Objval: −6.401e−005 Constval: −7.951e−007
Truss ground structure: all
permissible rebars;
embedded into the
continuum concrete mesh.
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Model for concrete
Model based on “Gradient enhanced damage for quasi-brittle
materials” (Peerlings et al. 1996) .
Successfully applied recently for: multiphase material optimization
of fiber reinforced composites (Kato et al. 2009); optimization of
fiber geometry (Kato and Ramm 2010).
σ = (1− d)C
d = d(κ)
¯eq ≥ 0
κ˙ ≥ 0, ¯eq − κ ≤ 0, κ˙(¯eq − κ) = 0
¯eq − c∇2¯eq = eq
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Model for concrete
Damage law
d = 1−κ0
κ
(
1− α + α exp−β(κ−κ0)
)
(Mazars & Pijaudier-Cabot 1989)
0 2 4 6 8 10
x 10−3
0
0.2
0.4
0.6
0.8
1
κ
d
0 2 4 6 8 10
x 10−3
0
0.5
1
1.5
2
2.5
3
κ
σ
Equivalent strain
eq =
√
3J2 + mI1
(Drucker-Prager function)
−10 −8 −6 −4 −2 0 2
x 10−4
−10
−8
−6
−4
−2
0
2 x 10
−4
ε1
ε 2
(example: eq − κ0 = 0)
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Finite element implementation
Typical Newton-Raphson iterative equation:[
Kuui−1 + Kbars Kui−1
Kui−1 K
] [
δui
δ¯eq,i
]
=
[
fuext
fi−1
]
−
[
fuint,i−1 + fbarint
K¯eq,i−1
]
With:
Kuui−1 =
∫
Ω
BT (1− di−1)CBdΩ
Kui−1 = −
∫
Ω
BTCi−1qi−1N˜dΩ
Kui−1 = −
∫
Ω
N˜T
(
∂eq
∂
)T
i−1
BdΩ
K =
∫
Ω
(
N˜T N˜ + B˜T cB˜
)
dΩ
fuint,i−1 =
∫
Ω
BTσi−1dΩ
fi−1 =
∫
Ω
N˜T eq,i−1dΩ
qi−1 =
{ (
∂d
∂κ
)
i−1 ¯eq,i−1 > κold
0 ¯eq,i−1 ≤ κold
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Problem formulation - rebar optimization only
min
x
φ(x) = −θNincr fˆ pupNincr
s.t.:
Nbars∑
i=1
ai li ≤ ρVdomain
0 ≤ xi ≤ 1, i = 1, ...,Nbars
with: Rn(un, θn, ¯eq,n,κn−1, x) = 0 n = 1, ...,Nincr
Hn(¯eq,n,κn,κn−1) = 0 n = 1, ...,Nincr − 1
Design parameterization:
ai = amin + (amax − amin)xi
amax related to geometry and desired rebars.
Kbars = ∑Nbarsi=1 Ebar (amin + (amax − amin)xpbari )K0i
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Problem formulation - concrete & rebar optimization
min
x
φ(x) =
∑Nelem
i=1 x˜i
Nelem
s.t.: −θNincr fˆ pupNincr + g? ≤ 0
Nbars∑
i=1
ai li ≤ ρVdomain
0 ≤ xi ≤ 1, i = 1, ..., (Nelem + Nbars)
with: Rn(un, θn, ¯eq,n,κn−1, x) = 0 n = 1, ...,Nincr
Hn(¯eq,n,κn,κn−1) = 0 n = 1, ...,Nincr − 1
Design parameterization, SIMP approach for concrete:
Ei = Emin + (Emax − Emin)x˜pEi
Emax = 30000 [MPa], Emin = 3000 [MPa]
All other material properties are considered constant.
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Adjoint sensitivity analysis
The augmented objective functional
φˆ(x) = −θNincr fˆ pupNincr −
Nincr∑
n=1
λTn Rn(un, θn, ¯eq,n,κn−1, x)
−
Nincr−1∑
n=1
γTn Hn(¯eq,n,κn,κn−1)
The explicit design sensitivities
∂φˆexp
∂x = −
Nincr∑
n=1
λTn
∂Rn
∂x
Due to path dependency, a backwards-incremental procedure is required
for computing the adjoint variables (following the framework by
Michaleris et al. 1994).
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Adjoint sensitivity analysis
Solve for adjoint λNincr in the final increment
KTNincrλNincr = 0 (non-prescribed DOF)
fˆTλNincr = −fˆ pupNincr
Compute adjoint γNincr−1 related to path-dependency
γNincr−1 = −
(
∂RNincr
∂κNincr−1
)T
λNincr
Solve for adjoint λNincr−1
KTNincr−1λNincr−1 = −N˜ ∂HNincr−1
∂¯eq,Nincr−1
γNincr−1 (non-prescribed DOF)
Compute adjoint γNincr−2
γNincr−2 = −
(
∂RNincr−1
∂κNincr−2
)T
λNincr−1 − ∂HNincr−1
∂κNincr−2
γNincr−1
Continue until γ1, λ1.
Topology Optimization of Reinforced Concrete Structures 20/33
1 Motivation
2 Modeling approach
3 Topology optimization
4 Preliminary results
5 Discussion
Topology Optimization of Reinforced Concrete Structures 21/33
Implementation aspects
NL-FEA by a displacement-controlled Newton-Raphson procedure
with automatic incrementation.
Regularization of the concrete phase by a volume-preserving
projection function (Xu et al. 2010) on top of a density filter (Bruns
and Tortorelli 2001; Bourdin 2001) .
Gradual penalization, typically up to 3.0 for the concrete phase and
1.1-1.5 for the rebars.
Design update by MMA (Svanberg 1987) .
ONLY PRELIMINARY RESULTS
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Deep beam
Result with ρ = 0.005
δp 
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Deep beam
Result with ρ = 0.005, g? ≈ 0.8× φrebaronly
δp 
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Corbel
Kwak and Noh 2006; Bruggi 2009; Victoria et al. 2011
1446 H.-G. Kwak, S.-H. Noh / Engineering Structures 28 (2006) 1440–1449
(a) Using in-plane elements [17]. (b) Using truss elements.
Fig. 7. Strut-and-tie models of beam with L/D = 4.
Fig. 8. Corbel jointed with column.
the same results as those obtained by using in-plane elements
in the case of deep beams with L/D ≤ 3 [17], as shown in
Fig. 5.
On the other hand, the beam with L/D = 4 shows
slightly different results (see Fig. 7). As the concrete beam is
slender, optimal topologies obtained by the continuum topology
optimization method are continuum-like structures in which
strut-and-tie actions for beams are different to being identified
by in-plane elements. As shown in Fig. 7(a), the strut-and-
tie model obtained using in-plane elements represents the
four diagonal members with two different load paths. This
configuration violates a basic assumption required in the strut-
and-tie model: two load paths cannot overlap [10]. Unlike
the strut-and-tie model using in-plane elements, the model
using truss elements shows improved results and describes the
flexural beam theory more effectively. Fig. 7 indirectly shows
that the application of truss elements in the ESO procedure will
be possible, especially in the construction of the strut-and-tie
model of RC structures.
5.2. Corbel structure
As shown in Fig. 8, the corbel and column are considered
as a whole structure that is designed to support a point load of
500 kN. The column b = 300 mm is assumed. The compressive
cylinder strength of concrete f ′c = 32 MPa; Young’s modulus
of concrete Ec = 28 567 MPa; and Poisson’s ratio ν = 0.15.
The geometry and dimensions of the example structure are
presented in Fig. 8. The same structure was analyzed by Xie
et al. [17] using 25 mm square four-node plane stress elements.
A displacement constraint was imposed on the loaded point in
the vertical direction, and the element removal ratio ERR = 1%
was used in the optimization process. The obtained results
are described in Fig. 9 for comparison with those obtained in
this study.
This example structure was also analyzed using truss
elements, and Fig. 10 shows the topology variation according
to the iteration. While conducting the ESO procedure, the
(a) Topology at
iteration 20.
(b) Topology at
iteration 40.
(c) Optimal topology. (d) Optimal
strut-and-tie.
Fig. 9. Optimization history of strut-and-tie model in corbel using in-plane elements [17].
Iter:   1 Objval: −6.302e−005 Constval: −3.477e−007Iter:   1 Objval: −6.401e−005 Constval: −7.951e−007
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Corbel
Results with ρ = 0.005, g? ≈ 0.8× φrebaronly
Iter: 150 Objval: −6.767e−005 Constval: 4.345e−011 Iter: 150 Objval: −7.619e−005 Constval: −5.762e−007
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Corbel
Optimized design utilizes concrete in tension
Optimized design and σ1
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Wall with opening
Result with ρ = 0.005
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Wall with opening
Result with ρ = 0.005, g? ≈ 0.9× φrebaronly
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Discussion
Remarks regarding preliminary results
Single computational procedure for determining the reinforcement
layout.
‘Cutting out’ unnecessary concrete is possible, s.t. a compliance
constraint; helps identify an optimized S & T model.
Practical requirements can be taken into account, e.g. clear cover,
rebar spacing, minimum reinforcement, allowed deflections etc.
Extreme concrete principal stresses can be checked immediately.
Integration into standard FEA packages seems straightforward.
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Discussion
Thoughts for the near future
Refine results and study the influence of:
1 De-localization parameter c.
2 Damage law parameters.
3 Equivalent strain measure.
4 Reinforcement ground structure.
Compare to linear-elastic optimization and conventional S&T.
Replace ‘soft’ concrete with void; avoid uncovered bars.
Improve concrete modeling: plastic-damage (Lubliner et al. 1989) ;
plastic-fracture (Cervenka et al. 1998) .
Consider objective functions related to extent of fracture / damage.
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